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Abstract 

The heat kernels of Laplacians for spin 1/2, 1, 3/2 and 2 fields, and the asymp- 
totic expansion of their traces are studied on manifolds with conical singularities. 
The exact mode-by-mode analysis is carried out for 2-dimensional domains and then 
extended to arbitrary dimensions. The corrections to the first Schwinger-DeWitt 
coefficients in the trace expansion, due to conical singularities, are found for all the 
above spins. The results for spins 1/2 and 1 resemble the scalar case. However, the 
heat kernels of the Lichnerowicz spin 2 operator and the spin 3/2 Laplacian show 
a new feature. When the conical angle deficit vanishes the limiting values of these 
traces differ from the corresponding values computed on the smooth manifold. The 
reason for the discrepancy is breaking of the local translational isometrics near a 
conical singularity. As an application, the results are used to find the ultraviolet 
divergences in the quantum corrections to the black hole entropy for all these spins. 
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1 Introduction 



Manifolds with conical singularities appear in different physical applications. The well- 
known examples are the physics of cosmic strings |1[ , compactifications in the superstring 
theory 0, and off-shell computations of the black hole entropy 0-[|16| addressing its 
statistical-mechanical origin. Such problems involve manifolds Aij3 where the line element 
near the singularity has the form 



ds'^ = u{r)dT'^ + dr"^ + 7afe(r, y)dy°-dy^ 



Here r is a cyclic coordinate 0<r</3, r>Oisa radial coordinate and u{r) ~ 
at r — > 0. The structure of near the singular hypersurface S, at r = 0, is x S, 
where Cp is a conical space. We normalize r in such a way that at (3 = 2tt the conical 
singularity is zero and the space is smooth. The important feature oi A4p is that near 
S the components of the Riemann tensor can be defined only as distributions. The 
parameter (3 can be related to the tension of a cosmic string [|I|, or, as in black hole 
thermodynamics |T^,[jl8|, it can be associated with the inverse temperature and in this 
case S is the Euclidean horizon. 

Quantum effects in the presence of conical singularities have been studied from differ- 
ent points of view and applied to several physical situations, see for instance W^ - [52 



The important quantity needed to calculate the effective action in the theories on curved 
backgrounds is the trace of the heat kernel operators TtK{s) = Tr e"'^^ . The properties 
of TtK on cones have been studied in detail for the scalar fields in |^5|] - and recently 
for spins 1 and 1/2 in It is an interesting fact that the trace of the heat kernel 

operators on TVI^ turns out to be a well-defined integral despite the fact that integral 
characteristics constructed of the powers of the Riemann tensor do not have in general a 



strict meaning 32 



In this paper we analyze TrK for Laplacians A^-^^ which appear under quantization 
of all physically interesting spins j. Our main aim is to find the modification of the 
coefficient A^^'^ in the asymptotic expansion 



TtK'^^\s) = Tr 



1 



+ ... 



:i.2) 



on the spaces with metric ( |1 . Ij) which is important for the analysis of the ultraviolet 
divergences and the conformal anomalies in quantum theory. Spins 2 and 3/2 fields remain 
an interesting research subject and we will show that Tri^'^-'^ in these cases have different 
properties than the trace for other spins. The point is that the Laplace operators for spins 
2 and 3/2 are sensitive to the isometrics of the background manifold. Locally the manifolds 
possess translational symmetries which are broken by conical singularities. It results in 
changing the properties of the heat kernel operators near the singular hypersurface S in 
such a way that even in the limit j3 ^ 2tt their traces differ from the corresponding traces 
on smooth manifolds. It turns out that in this limit conical singularities give corrections in 
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the diagonal element of the heat kernels having the form of a delta- function concentrated 
on the hypersurface S. 

In this paper we also discuss the off-shell computations of the entropy of quantum 
fields on black-hole backgrounds. Our new result is the ultraviolet divergent quantum 
corrections to the entropy for spins 3/2 and 2. We show that for spin 2, contrary to 
other spins, the properties of the Lichnerowicz operator on singular manifolds result to 
the entropy divergences which cannot be removed under the standard renormalization of 
the Newton constant. 

The paper is organized as follows. In Sec. 2 we define the operators A^-'^ outline the 
strategy for the computation of the coefficients Ai \ and briefly summarize the results. 
See's 3 and 4 are devoted to the explicit derivation of for spins 1, 2, and 1/2, 
3/2, respectively. In particular, we flrst analyze the cones C/j and the two-dimensional 
spherical domains S"^ with conical singularities and then make a generalization to arbitrary 
dimensions. In Sec. 5 we compare the properties of on singular spaces Aijs and on the 
corresponding manifolds with blunted singularities. Here we also compute the divergent 
quantum corrections to the entropy for all considered spins on black-hole backgrounds 
and discuss their renormalization. The conclusions are presented in Sec. 6. The explicit 
computation of the spectrum of the Dirac operator on 5*1 is left for the Appendix. 



2 Definitions and results 



The wave operator A*^-'^ for the flelds of different spins j is defined as follows On the 
spin-i field ip this operator acts as 



A(i/2) ^ = -(7"V„) V = (-V"V„ + \r)^ , 
where 7'^ are the Dirac 7-matrices, and for the vector field it reads 

A« = (-v"v„(5; + i?;;)K . 

Analogously, for the spin-| field ip^ we have 
and for the spin-2 field h^^ 



(2.1) 



(2.2) 



(2.3) 



(2.4) 



The operator A'-^^ is the Hodge-deRham operator acting on 1-forms and it appears under 
quantizing in the gauge W ^V^ = 0. The operator A^^^"^^ is the wave operator for the 
Rarita-Schwinger field [0 in the harmonic gauge j^'ipfj. = (see Ref. |3^). Finally, 
the operator A*^^^ coincides with the Lichnerowicz operator, which rules the dynamics of 
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small perturbations h^iy of the metric g^^y in the linearized Einstein equations, when the 
harmonic gauge V^{h^y — \g^yh'^) = is fixed Note that, all the above operators 
can be represented in the form A*^-'^ = — V^Vq, + X^^\ where the matrices X^^^ play the 
role of potential terms, and are linear in the curvature of the background space. For this 
reason in order to have the well-defined operators we suppose that X^^^ are defined in the 
regular domain — S of the background space ( |1.1| ), and thus they do not include any 
singular terms. 



Let us denote the coordinates r, r, in (LI) as the polar coordinates^ thus the 
tetrades which are parallel to this coordinate basis will be called polar tetrades (cf ||23|| ). 
These tetrades are particularly relevant since they perform the complete rotation when 
T is increased by p. For this reason the connections in the operators A'^-'^ will be 
computed for polar tetrades, and in this case the (anti)periodicity conditions for fields 
$ = {ip, V^, ipfj,, h^y) have the standard form 



$(r + /3,r,|/") = (-l)2^$(r,r,2/") 



(2.5) 



provided the tensor components are defined in the polar coordinates. 

It is well-known that on a regular compact manifold M. the coefficients A^^ in the 
asymptotic heat kernel expansion ( |1.2|) can be written as [|33 



M 



-R 



(2.6) 



Hereafter Tr^ denotes the trace over the indices, P*^-^-* is the projector on the corresponding 
representation of the Lorentz group and N'^^'> = TiiP^^^ is its dimension. If d is the 
dimension of space A4 , then for the Dirac spinors 

jy(i/2) ^ 2W^\ for vector fields N^^^ = d, 
and for spin 3/2 fields iV^^/^^ = 2^'^^'^^d. In these cases P^^^ is the unit matrix. For rank-2 
symmetric tensors (P^^^)^^ = 1(5^,6^ + S'^^p) and A^^^) = ^(^^ ^ x)/2. 

On the background manifold Aip with a set S of singular points, Eq. ( |1 . 1| ) , the 
coefficient Af^ for the scalar operator A*^"^ = — V^V^ reads ^ ^| 



^1 



(0) 



6 Jm 



^1' 



R 



(0) 



A 



(0) 
/3,1 





(2.7) 



(2.8) 



Here R denotes the Riemann curvature calculated in the regular domain A^^ — E, and /^^ 
is the volume of S (in two dimensions is the number of singular points). 

We will demonstrate that for arbitrary spins the above coefficient on Aip has an 
expression similar to the one of the scalar case (|2.7|), and can be represented as the sum 



A\ 



(i) 



4'^ + 41 



(2.9) 
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The term A^^ is given by the integral ( |2.6| ) over the smooth domain of Aifs- The presence 
of the conical singularities results in the additional term Ap\, proportional to the volume 
of the singular surface S. The precise form of A^^\ for the different spins is the following 



T 

= iV«4°l + 2(/5-27r) / , (2.11) 



4f) = > (2-10) 



Agf) = + 2/3iV(V2) 1^ , (2.12) 

Af\ = iV(2)4°l + (2(t/ + 2)(/3-27r) + 87r)|^ , (2.13) 

where A^^\ is given by formula ( |2.8| ). Note that for spins 2 and 3/2 the surface contribu- 
tions do not vanish even when j3 = 27c. 

The reason why A^p\ have the structure ( p.9|) can be explained as follows. Let 
be a small domain of thickness e including E, then the trace of the heat kernel can be 
represented as the sum 

TrK(^)(s) = / d'^x^ TTiK^^\x,x,s) 

= [ d'^x^TTiK^^\x,x,s) + [ d'^xJgTiiK^^\x,x,s) .(2.14) 

The first integral in the r.h.s. of the above equation goes over the region A^^ — 
which does not include the conical singularities. Since in this domain one can use for 
Trji^'*^-'^(a;, x, s) the standard Schwinger-DeWitt asymptotic expansion, the above integral 
approaches the term A^i'^ given by Eq. (|2.6| ) when e — 0. On the other hand, in this 
limit the second term in the r.h.s. of (|2.14|) becomes an integral over E. From Eq. (|1.2| ) 



it follows that A^p^ has the dimensionality L*^"^, where L is a length (the proper time 
parameter s in ( |1.2|) has the dimensionality L^). The dimensionality of is L'^"^, and so 
the only form which A^^ can have is 



where f^i\(3) is a dimensionless function which has to be found. As a result, A^^ cannot 
depend on the curvature oi M.p near S, so in order to determine its expression the space 
can be safely approximated by C/j x S 



A3) 



To compute A^^ on spaces where d/dr is the globally defined Killing field we will also 



use the formula 



Af, = A'f^ -^A? . (2.17) 
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The last term in ( p.l7| ) subtracts the contribution of the smooth domain A^/j — S. These 
contributions for /Ajj and for the corresponding manifold Aii3=2n without singularities 
differ from each other by the coefficient (3/2tt, which is related to the different periods in 
r on these spaces. 



3 Integer spin fields 
3.1 Vector field 

Let us consider the wave operator ( |2.2| ) for the vector field. The eigen-value problem 
for this operator has a simple solution in two dimensions since its eigen-functions can be 
expressed in terms of the scalar ones corresponding to the operator A'^''^ Indeed, in this 
case one can use the Hodge-deRham decomposition of the vector into transverse , 
longitudinal and harmonic parts 

V, = V;!: + V^' + V^^ , (3.1) 

and in two dimension it results 

V;^ = e,,r , V;^ = P,M > = e^'^V^V/ = , (3.2) 

where e^i, is the rank 2 antisymmetric tensor, and 0, p are two scalar fields. By using 
( p.2| ) one can easily check that 

A«(p,,) = (A^p),, , A«(6,.0'^)=e,.(AW0)-'^ . (3.3) 

Therefore, from Eq. (|3.3| ) and the decomposition (|3.1| ) one gets the following relation be- 
tween the traces 

TtK^^^ = 2 Trir(°) +ni- 2no , (3.4) 

where ni, uq are the numbers of zero modes of the operators A*^^) and A^^^ respectively. 
Note that the harmonic vectors V^^ are zero modes of A'^^^ Equation ( |3.4| ) means that 
all Schwinger-DeWitt coefficients in the expansion of the vector heat kernel are twice the 
scalar ones. The exception is the Ai-coefficient which according to (|3.4|) obeys a simple 
index theorem 

2A'C^ - A'i^ = 47r(2no - n^) . (3.5) 
The last result can be represented in another form by making use of the following identity 

no - ni + n2 = x[M] , (3.6) 

which expresses the Euler characteristics of the background manifold Ai in terms of 

Betti numbers or, which is the same, numbers of the harmonic p-forms. For a compact 
manifold n2 = no, and Eq. ( ^.5] ) reads 

2AS°) - A^^^ = Anx[M] . (3.7) 
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The expression ( |3.5| ) can be strictly proved for smooth manifolds. 

In order to get the coefficient Ai''^ for the singular space Aip we can use the results 



of Ref. 32 , where it has been shown that the Euler characteristics on manifolds with 



conical singularities have well defined expressions. In particular, in 2 dimensions the Euler 
number can be written in the form 



32 



(3. 



(if the manifold has a boundary one must also add a boundary term). Thus, by using 
^!5D and (|3.8|) one gets 



(1) 



(0) 



R 



(3.9) 



Consequently, in 2 dimensions the contribution to the vector coefficient A^i"* due to the 
conical singularity is 

f2(/3-27r) , (3.10) 



.(1) 



2 



and it agrees with the result of Kabat found by a different method. To extend this 
result to arbitrary dimension we use Eq. (|2.16| ) and calculate this coefficient on the space 
C/3 X E. In this case, one needs first to decompose the vector field onto the parts orthogonal 
and tangent to S. According to this decomposition one has 



Tri^(i) 



CgXS 



TrfsfW TrK(°) + Tr TriT^ 



(3.11) 



By taking into account ( |3.11|) we come to the formula 



dA 



(0) 



+ 2{(3 - 27r)) = dAf, + 2{(3 - 27r) |^ . (3.12) 

Eq. ( p.l2|) gives the contribution ( p.ll|) due to the conical singularities to the heat coef- 
ficient of the vector operator in d dimensions. 



3.2 Lichnerowicz operator 

The Lichnerowicz operator A^^^ acting on the symmetric second-rank tensors h^^ can 
be obtained by expanding the Ricci tensor with respect to the perturbation h^y of the 
background metric g^^j 



R^A9 ^h)- R^M = l^^'^h^u + 0{h^) 



(3.13) 



when the gauge condition V^ih^y — ^g^uh"^) = is imposed. As it can be easily shown, 
the quantization of the gravitational field in this gauge leads to the computation of the 
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determinant of A*^^) [^. For the following applications it is convenient to report two 
properties of A*^^) 



^^'^9>.u<l> = ^7m.A(0V , (3.14) 
A^^HV^K + V,y^) = V^A«K + V,A«V; . (3.15) 



Eq. (|3.14|) holds in general, while ( |3.15|) is valid on Einstein spaces where R^u = dfiu-^, 



with A denoting a (cosmological) constant. 

In analogy to the spin 1 case, we start our considerations in 2 dimensions. According 
to ( |3.15|) the properties of A*-^-* are simplified on the constant curvature spaces. For this 



reason we consider the compact space 5*^ with the metric 

ds^ = cos'^ edr'^ + de"^ , (3.16) 

where < r < /9 and — 7r/2 < 9 < +7r/2. Eq. (|3.16|) describes a two-dimensional unit 
sphere with two conical singularities at the poles xi and X2 {0 = ±7r/2). It is convenient 
to study first this simplest case because A^^^ has a compact spectrum on S'p which can be 
found exactly. To this aim, let us remind that the second rank tensor in two dimensions 



can be decomposed as follows ^6 



where /i^J and /i^^, are the traceless tensors 

Whl^ = , (3.18) 

hi, = V^V, + VuV^-g^uV''V„ , (3.19) 

and is a vector. We define A'-^^ on the second-rank symmetric tensors /i^jy obeying the 
condition ( |2.5| ) and having the finite norm 



\h\ 



J^^ ^d'x hlX"" < oo . (3.20) 



One can show that there are no transverse tensors hJ^J on obeying these conditions. 
So by taking into account Eqs.( |3.1^ ),( |3.15| ) and ( |3.17| ) one can represent the trace of the 
Lichnerowicz operator as 



■n-ck 



TrKfis) = TtK^^\s) + TiK^^\s) - E^"'^' • (3.2i; 

1=1 



For the reasons which will be clear later, we will write the subscript f3 for the heat kernel 
on 5*1 {(3 7^ 27r). The last term in the r.h.s. of (|3.21|) subtracts from the vector heat 



kernel Tri^*^^^(s) the contribution of rick vector modes, for which the tensor modes hj^^ 
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are identically zero. From the definition ( |3.19| ) it follows that such vector modes are the 
solutions of the two dimensional conformal Killing equation 

V^K + V.y^ - (^^.V^K = . (3.22) 

The results of the previous section enable one to rewrite (|3.21|) in the form 

"cfe 

TTKf{s) = 3TTK^;\s)-x[Sl]-j:^~''' , (3.23) 

1=1 

where = 2 is the Euler number, and to get the expression for the first coefficient in 

(2) 

the asymptotic expansion for TtK^^"'{s) 

4^) = 34°)-47r(x[5^]+n,,) . (3.24) 

It is worth examining how this formula works on S^. In this case there are 6 solutions 
of ( |3.22| ): 3 true Killing fields (V^% = ^^u^^<P^ (corresponding to the 5*0(3) isometry of 
5*^) and 3 conformal Killing vectors (V^)^ = ^^viV^Y ■ It is easy to check that 0' are 3 
spherical (dipole) eigen-functions 0°, 0^ of the scalar Laplacian on S*^, 

A(°V' = 20' , (3.25) 
0° = sin^ , 0± = cos^e^^^ . (3.26) 
Thus, the formula ( p.24|) gives for Ai-coefficient the expression 

aS^) = 3AS°^ - 47r(2 + 6) , (3.27) 

which exactly coincides with general expression (|2.6| ). Note that in 2d case Trj(PX'^^)) = 
4i? = 8. 

Let us consider now the singular space 5*^ with [3 ^ 2-n. In this case, the conical 
singularities near the poles break the symmetry 5*0(3) x 50(3), corresponding to the 
conformal Killing fields on 5*^, to 0(1) x 0(1) Hence, the number of solutions of ( 3.22 ) 
reduces to 2 vectors determined by the scalar mode 0°, Eq. ( ^.26[ ). The later, as before, 
is the eigen-mode of A'^^-'. The other scalar modes 0^ transform on 5*1 into the functions 

O-rr 

AW0± = a(a + 1)0± , a = — , (3.28) 

0± = cos" ^e±*"" . (3.29) 

The corresponding vector modes (VJ^)^ = e^,y V0^ and (V^)^ = e^uiVj^)^ are no more 
the solutions of ( ^.22 ), and, according to ( |3.19| ), one can construct in terms of them the 
following second rank tensors 

(ht),. = ^C^(/5) (V^(^/). + V.(V^±)^) , (3.30) 

m),^ = g(/3) (Vm (^/). + ^^(Vt), - 9,.'^''iVt)^) , (3.31) 

"'^The symmetry is unbroken only when /3 — 27rfc, where fc > 2 is a natural number, see a comment in 
the end of this section. 
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where C{f3) is a normahzation constant. The tensor modes ( p.30| ) and ( |3.31| ) have the 
following properties: 



i) they obey the periodicity condition ( |2.5| ), 

ii) are the eigen- functions of A^'^\ 

iii) can be normalized on 5*^ if /3 < 27r (a > 1) 

\H\\' = WW = - ^^ r{a + 3%) • ^^-^2^ 

Consequently, aX (3 <2'k the Lichnerowicz operator acquires 4 new additional eigen-modes 
{h'^)^u and {h^)^u, which we will call for simplicity the dipole modes. We will consider 
first the case f3 < 27r, then the results can be generalized on arbitrary (3's with the help 
of analytical continuation. 

Obviously, in the presence of the dipole modes the limiting value of the trace TtK^ 
when (3 ^ 271 does not coincide with the trace TiK^'^^ on S"^. Let us discuss this question 
in more detail. The heat kernel k'^^ at /3 < 27r can be represented in the form (for 
simplicity we do not write here the tensor indexes) 

Kf\s){x,x',s) = kf\x,x\s)+Df{x,x\s) , (3.33) 
kf{x,x\s) = h\xyh\x')e-'^ , (3.34) 

Df\x,x',s) = X:K)*(^)^J(^') + (/^J)*(:^)/^J(^'))e-^"("+^) 

= E(/^(^'^')+/^(^,^'))e-^"("+') . (3.35) 
± 

~ (2) 4- 

The quantity denotes the part of Kj^ which does not include the dipole modes /i^, 
hp. There is a one-to one correspondence between the modes in and the modes of 
the heat-kernel operator K'''^^ on sphere 5^. Therefore, in the limit /3 — > 27r the both 
kernels coincide 

hm kf (x, x',s)= K^'^^ (x, x', s) . (3.36) 



Let us investigate now the same limit for Dj^\ defined in Eq. (|3.35 ). The normalization 
condition for the dipole modes is 

I Tr,/±(x,a;) = J TrJ±(x,a;) = \\h^\\' = WW = 1 ■ (3-3T) 

Thus, as it follows from ( |3.32| ), the normalization constant C{P) diverges as (27r — /3)~^/^ 
as /? — > 2-71. It is easy to see, using Eqs. ( p.29| ), ( p.3CI| ) and ( p.31| ), that when P ^ 27i the 
functions and vanish as fast as (27r— /5) in the all points of 5*1 except its two poles xi 
and X2 (at 9 = ±7r/2). However, near the poles {detg^,y{x)y^'^Trifp{x,x) ~ cos^"^^6' (the 
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same is true for /^), and there is a singularity which is not integrable at /3 = 27r (a = 1). 

... A ...... A........ ,^ 



The above properties demonstrate that functions Trj/^(x,x) are the distributions when 



hrn Trifp{x,x) = hm Tr.j/^(x, x) = -{6{x,xi) +6{x,X2)) , (3.38) 



/3 = 27r 

1 

where Xj) are the covariant 5-functions on S"^. It means that the dipole modes in the 
hmit (3 = 2ti give to the heat kernel a contribution concentrated on the poles. Hence, by 
making use of ( p.36| ) and ( p.38| ) one can find the following limit 

lim TiiKf (x, X, s) = Tri/s:(2) (^^^ x,s) + 2 (5(x, Xi) + 5{x, Xa)) e'^^ . (3.39) 

/3 — >2n 



The factor 2 in the last term in of r.h.s. of Eq. (|3.39|) corresponds to the number of 



the Killing generators which are broken in the presence of conical singularities. Note 
that the singular term in ( |3.39 ) can only appear in integral quantities. Thus, in the 



physical applications the last term in ( p. 391) will not contribute to the local observables 
(for instance, the averages of the field operators) calculated with the help of the heat 

(2) 

kernel (x, x', s). 

Consider now how the conical singularities change the Ai-coefficient for the Lichnerow- 
icz operator. It follows from ( |3.23 ) that 



TTKf\s)=3TTKf{s)-x[Sl]-2e-'^ , (3.40) 
and the complete coefficient looks as 

Af^ = 3Af^ - iT^xlSl] - 8n . (3.41) 

— (2) 

be the contribution into Ai from one conical singularity. Two singular points 

C/3 



Let Afl 



of Si give the correction which can be found by making use of ( |2.171 ) 



2 A^'^^ 



, (3.42) 



where A^i^ is the value of the heat coefficient on 5*^, Eq. ( |3.27|) . Then Eqs. (|3.27|) and 
( p.42|) result in the expression 



.(2) 

^13,1 



= 3 Af, 

Ca 



/3 



+ 8(/? - 27r) + 2 ■ 47r . (3.43) 



The dipole modes give in ( |3.43| ) the additional term 2 ■ 47r which survives even in the 
limit j3 = 2tt. This term depends only on the conical geometry near a singular point, 

(2) 

and for this reason it must be universal in Ai of TrfT^ for all manifolds with the given 
kind of singularities. The factor 2 is the number of Killing generators (corresponding to 
translation symmetry) which are broken when the plane is changed by the cone Cp. 
Note that the same number of symmetries are broken in the transition from S*^ to 5*^. 
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The generalization of ( p.43| ) to arbitrary dimensional manifolds is analogous to the 
vector case. It is sufficient to consider the space product x S and to use the relation 



Tr 



Tr 



Tr + Tr K^^^ 



Tr 



Tr 



- Tr 

(3.44) 

This formula follows from the definition (|2.4|) of the Lichnerowicz operator and the decom- 
position of a rank 2 tensor onto tensors with the components either tangent or orthogonal 
to S, and a tensor with the mixed components. By making use of (|3.44|) and the results 
for the vector field we get 



A 



(2) 



A 



(0) 



iV(^)(rf-2)/+Ag!| / +41 1 {d-2)[ 



1/3,1 - ^/3,1 

Thus, by observing that 

N^^\d - 2) + 3 + 2(rf - 2) = Ar(2)(rf) 
we finally get the formula 

^ iv(2)40) + (2(d + 2){P- 27i) + Stt) 



(3.45) 



(3.46) 



(3.47) 



already reported in Sec. 2. 

On manifolds with the periodicity (3 = 27r/c, where is a natural number > 2, the 
Killing vectors are the same as on the corresponding smooth spaces (/3 = 27r). The 
properties of K^'^^ when P approaches 27rfc are also the same and the investigation of this 
limit is similar to the analysis given in this section. 



4 Fields with half odd-integer spins 
4.1 Dirac field 

As in the previous sections, in order to find the contribution of the conical singularities 
to Tri^(^/^) for the Dirac field ip we begin with the simple spaces. We consider the cone 

ds"^ = r'^dr^ + dr^ , < r < (3 , (4.1) 
where the trace of the heat kernel operator can be found in the same way as for the spin-0 



kernel, see Ref.s |27, 28|. As a check, in the Appendix we find the spectrum of the Dirac 



operator on S*^, and prove that the computation of Ai-coefficient on this space in terms 
of the ^-function is in agreement with the results obtained on 

It is convenient to choose the following representation for the 7 matrices 



25ij 



7t = CTl , 7r = 0-2 , 

where ak are the Pauli matrices. The covariant derivative is defined as 



(4.2) 



Vf^ip = {d^ + -0-3 Wf,)il) 



(4.3) 
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The connection is calculated by using the tetrades which are parallel to the polar 
coordinates This gives w = w^dx^ = —dr. According to our general definition 

( p.5|) , the corresponding spinors ip on Cp obey the antiperiodic conditions 

ipir.T + j3) = -i){r,T) . (4.4) 



To simplify the calculation one can get rid of the connection by the gauge-like trans- 
formation 

(4.5) 



with the corresponding change of the periodicity condition ( 

^'(r,r + /?) = -e5"^V(^,r) . 



to 



(4.6) 



The operator A^^/^-* acts on the transformed spinors i})' as operator A^^-'. Thus, on Cp one 
can write the following relation 



'(0) 



(4.7) 



where Kf^ are the heat kernels for the scalar Laplacians with the "twisted" conditions 



(r,r + /5) 



e*^±0(r,r) , 



imposed on the fields. The form of Kf^ was already studied in the literature. As was 
shown by Dowker the heat kernel Kf^ (r, r', r — r', s) for the Laplacian with the more 
general condition 0(r, r + /9) = e*'^0(r, r) on Cp can be expressed in terms of the heat 
kernel K^^'^ (r, r', r — r', s) on the plane with 5 = 



Kf (r, r', r - r', s) ^ = K^'^ (r, r\ t-t\ s) + 



exp2^(r-r' + 2;) 

-K^ '[r,r ,z,s)dz 



2i/3JA sin |(r-r' + 2) 

(4.8) 

Note that this equation holds when < 5 < 27r. The contour A lies in the complex plane 
and consists of two curves, going from — tt + ioo to — tt — ioo and from vr — ioo to vr + ioo. 
From equation (|4.8|) one gets for the trace 



oo /• exp z 

rdr / c/z 

J A 



(S-n) 



87rzs Jo 

which gives when one integrates first over r and then over z 



sm -^z 



exp 



sin^ I 



(4.9) 



^TrirW(s) 
27r 



+ 



24:71 



A7ij3 



{271-5) . (4.10) 



In our case one can choose the following phase factors 



5± = 7r±^ , 



(4.11) 
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which is possible when (3 < 2tt. (One can go to others values (3 > 27c hj means of an 
analytical continuation.) Then Eqs. ([4.7|) , (|i78|) result in the relation on C/3 



TrK(i/2)(s) 



^Trir(i/2)(s) 
27r 




247r 

which agrees with the result of Kabat . Eq. ([4.12|) has the trivial consequence 



(4.12) 



(1/2) 




(4.13) 



Comparing ( [4.13| ) with ( |2.?| ) one can see that the heat coefficient A^i^"^^ of the spin 1/2 
Laplacian on a cone is just the minus of the same coefficient of the scalar operator. 
This result for the Dirac fields can be generalized on arbitrary manifolds with conical 
singularities. As before, we need to calculate the Ai-coefficient on the space product 
C/3 X S where the heat kernel operator is 



TrX(i/2) 



= TrK(i/2) TrK(i/2) 



(4.14) 



Then, by observing that N^^''^\d - 2) = \N^^/'^\d) and using Eq. (p^ we find the 
correction to the heat coefficient from the conical singularities 



,(1/2) _ iV(V2)(^ (0) 



(4.15) 



One immediate consequence of this formula is that the known relation between complete 
scalar and spinor coefficients 



^ 2 ^ 

holds as well on manifolds with conical singularities. 



(4.16) 



4.2 Rarita-Schwinger field 

The Rarita-Schwinger field ip^ plays an important role in supergravity where it appears 
as gravitino, a superpartner of graviton. If the background metric obeys the vacuum 



Einstein equations the Lagrangian of Rarita and Schwinger ||3J] is invariant under gauge 
transformations^. In the harmonic gauge "^^ip^ = the wave operator for tp^^ is reduced to 
A (3/2) Eq.(pD, and this is the reason why the latter was chosen for our consideration. 
Further, we will use the following relations 



A(3/2)(^M^)=^m((A(1/2)-A)^) 



(4.17) 



^For non-zero cosmological constant the Rarita-Schwinger action must include an additional term, see 



Ref. 
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A(3/2)(v^V^) = ((A(i/2) _ A)V;) , (4.18) 
^^^(3/2)^^ = (A(i/2) _ , (4.19) 

V^A^^/'Vm = (A^'/'^ - A)^^^^ , (4.20) 

which hold on Einstein spaces R^y = h^g^^,. Then, as in the case of the Lichnerowicz 
operator, we analyze the properties of A'^^/^) on the spherical domain S*^. In this case it 
is convenient to introduce the modified derivatives = + for fields with half 
odd-integer spins. When acting on a spinor on 5*1 these derivatives commute 

[D^,D,]tlj = . (4.21) 

We will use this fact to write for the Rarita-Schwinger field on 5*1 the decomposition 

^M = V'i + ^J + ^f , (4.22) 
which is analogous to the Hodge-deRham decomposition (|3.1| ) for the vector field. Here 



i^;: = D,^ , ^i; = e,yD''^ , (4.23) 

DM^^ = , e''''D,^^ = , (4.24) 

and i/j and ^ are the Dirac spinors. The fields ipj^, ipj^ and ipj^ are orthogonal with respect 
to the scalar product 

(^1,^2)= f^Mtii^2r ■ (4.25) 
The orthogonality of ipl^ and ipj^ is the consequence of their definitions with the help of 

D^^l = Q , e'^^D^^^ = . (4.26) 
Now Eqs. (CT)-(CT), where A = 1, can be rewritten in the form 

A(3/2)(/}^^) =/}^(^(A(i/2)_i)^) ^ D^A(=^/2)^^ _ (A(i/2) _ ^ ^4_27) 

which enables one to relate on S'p the operators A*^^/^) and (A*^-*^/^^ ~ !)• One can show 
that normalizable harmonic modes ip^ on 5*^ are absent for any [3. Therefore the trace of 
can be represented as 

rpri\:(3/2) = 2Trfs:(^/2)g. _ , (4.28) 

where < 2 is the number of the so-called Killing spinors ej which are the antiperiodic 
solutions of the equations 

D^ti = Q . (4.29) 

The spinors are also the zero- modes of the operator (A'-^/^-* ~ 1). As follows from (|4.23| ) 
there are no modes ip^ and t/'J corresponding to e^, and so they were subtracted in the 
r.h.s. of Eq. (|4.28|) . As it is shown in the Appendix, Eq. (|4.29|) has two independent 
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solutions on S"^ and no solutions on S"^ {(3 ^ 27ik). Hence, the cases P = 2Tr and (3 ^ 271 
must be considered separately. 

The situation reminds the difference of the Killing fields on S'p and on S"^ which was 
crucial for the analysis of the Lichnerowicz operator. This fact has a simple explanation, 
because vectors ^tlfj-^j constructed from Cj obey automatically the Killing equation. Thus 
if some of the Killing generators are broken then there is a limitation on the number of 
spinors e^. The relation of the Killing spinors and the Killing vectors on S"^ reads 



{{V- 



(4.30) 



where are given in the Appendix, Eq. ( |A.5| ), and are defined in terms of spherical 
harmonic 0', Eq. ( 3.26 ). On S"^ {(3 ^ 2Tik) two generators corresponding to V"^ are broken 
and it prohibits solutions of (f4.29|) on this space. 

For this reason, the operator A'^^/^-' aX (3 ^ 2'nk has 4 additional non-trivial modes. 
Then one can follow the same line of arguments as in the Section 3.2 and show that these 
modes are normalizable and they add a finite term to Tri^'^^/^-' which does not vanish at 
(3 = 2ti. On the other hand, in the each point of S'|, except the poles, the diagonal part 
of K^^^"^^ vanishes when (3 ^ 271. So the contribution of the additional modes in i^'(3/2) 
converges to a (5-function on the poles and does not affect the local quantities. 

The expression for the Schwinger-DeWitt coefficients can be found from ([4.28|) . In 
particular, one has 

^(3/2) _ 2A'l/2) + 4 . 2/3 - 47r ■ 2nfc . (4.31) 



On S^nk = 2 and Eq.(|]3TD simplifies to the equality = 2A['^''' which is in complete 

6]). li (3 ^ 27T the two singular points give the 



,(1/2) 



agreement with the general formula 
correction to the heat coefficient 



2 A 



(3/2) 



A\ 



(3/2) 



JL ^(3/2) 

27r ^ 



S2 



following from formula ( p.l7|) . Thus one gets 



4(3/2) 



2 /l^^/^) 



+ 4/3 



(4.32) 



(4.33) 



where the quantity ^^^(^'' ^ is given by ( |4.13| ). To generalize this equation on the space 
C/3 X S one must decompose the field ipf^ onto parts normal and tangent to the surface S. 
According to this decomposition one has 



Xri^'(3/2) TriT^^/^) +Tri^(^/^) TtK^^^"^^ 



Hence, the correction to the Ai-coefficient due to the conical singularities reads 



A 



(3/2) 
/3,1 



Ar(i/2) (rf _ 2) + iV(3/2) id-2) A^^/'^ 



-lM'/'\d)Af, + 2pN^ 



1/2) 



id) 



(4.34) 



(4.35) 
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which is the result reported in ( p.l2| ). Note that in Eq. ( [4.35| ) the simple relation 



was used. 



5 Discussion 

5.1 Comparison with "blunt" cones 

In some physical problems conical singularities appear only as an idealization of the prop- 
erties of smooth manifolds. It reflects the simple fact that one can describe a singular space 
as a convergent sequence of manifolds Ai/s with the "blunted" conical singularities. 
This is the way, for instance, how one can define the integral geometrical characteristics of 



A4 f3 constructed from the powers of the Riemann tensor |^ . In particular, this procedure 
gives the following well-known result for the integral curvature / i? of A^^ 



R= lim / R= R + 2{27T-f3) / , (5.1) 

Mi3 Mp^MfjJ Mp JMfj-T. JT. 

where R is the standard scalar curvature calculated on the smooth domain A^^ — S. 

On the other hand, the general form of the first Schwinger-DeWitt coefficient in the 
asymptotic expansion on the smooth manifolds is defined by the integral curvature^ 

|0) _ nU) 



A\'> = c^J) j R , (5.2) 
where the coefficients c^^^ depend on the spin j and can be found from Eq.( |2.6| ): 

,,0, . 1 . ,,V. . . . ^ ^ 1 . ,,3/. . . . ^ _ (, , 2) . 

6 ' 12 ' 6 ' 12 ' 6 ^ ^ 

(5.3) 

Therefore if the integral curvature is calculated as the limit (|5.1|) , the coefficients (|5.2| ) 
have the finite values on the singular space A^^ 

4'^= lim A?[MB]=A['^+c^^h{27r-(3)[ , (5.4) 



where A^"' is given by the integral ( |5.2| ) over the domain Ai^ — S. It is worth comparing 
Ai-coefficients (|5.4|) computed on the manifolds Al/3 with the blunted singularities and 
the results ( |2.9|) -( p?T3 ) obtained by the direct computation of TrK^^^ on Ai/?. In the 



both cases the coefficients have the similar structures and the conical singularities add 



the surface terms. However, the contributions A^p^ given by (p.l0|) - (|2.13|) and the surface 



^To be more precise it is true on manifolds without boundaries. 
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terms in ( |5.4| ) are different. Only for spins j = 0, 1/2 and 1 and only in the limit of small 
deficits of the conical angle one has a correspondence 

4i = c(^)2(27r - /3) 1^ +0 ((2vr - , J = 0, ^, 1 , (5.5) 



which holds up to the terms of the second order in {2tt — (3). Thus, as it follows from (|2.9| ) 
and ( p. 41) , the relation between the complete coefficients reads 

A?=A? + 0{{27r-f3Y) , J = 0,^,1 . (5.6) 



On the contrary, for spins 3/2 and 2 the relation (|5.6|) does not hold, because the surface 
corrections in these cases do not vanish at (3 = 2n. This disagreement occurs because the 
local isometrics of the blunted manifolds A^/? are not broken by the singularities. Therefore 
the heat kernels for spins 3/2 and 2 on A^^ cannot be used as the approximation of the 
corresponding kernels on the singular manifolds Aip even when Aip ^ J^p. 

5.2 One-loop ultraviolet divergencies 

Let us consider now the one-loop effective action W^^^ for a spin j on a curved background. 
In the Schwinger-DeWitt representation it looks as 

= (-l)2^-logdetA(^) = -(-1)2^- / —i:rK^^\s) , (5.7) 
2 2 J52 s 

where 5"^ stands for an ultraviolet cut-off and the factor (—1)^-' is related to the statistics. 
The structure of the ultraviolet divergences of W'^^'^ is determined by the asymptotic 
behavior of TrK^^\s) at small s, where one can use the asymptotic expansion (|1.2|) . In 
particular, the divergence ^^^^-^ ^ related to the first heat coefficient A^p is 



According to Eg. ( |5.2| ), on the smooth manifolds A^ is proportional to the integral of the 
scalar curvature i?, and so the divergence ( p.8|) is removed by the renormalization of the 
Newton constant G in the bare gravitational action / -R, see for instance [p^] . 

In the last years much attention has been paid to the same renormalization problem 
on manifolds Aip with conical singularities [P-|ll|. To discuss this problem we will follow 
the line of arguments of 0. It is reasonable to assume that the bare gravitational action is 
determined by the total integral curvature ( |5.1| ) of Al/j, which is the limiting value of the 
curvature on the blunted spaces Aip. Thus, by taking into account Eqs.( |5.6| ) and (|5.8| ), 
one can write for spins j = 0, 1/2, 1 on singular spaces the following chain of relations 

\ I R + Wg^ JAl,] = _ hm f — i / R + ^ [M,]\ 



IbvrGren JMp ^ ^ 2 



+0((27r-/3)^) = I R + 0U2T,-f3f) , J = 0,^,1 . (5.9) 
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The connection between the bare G^^^^ and renormahzed Gren constants is standard 
because Aijs are smooth manifolds. It means that for spins j = 0, 1/2, 1 the standard 
renormahzation of the gravitational constant removes the divergences up to the terms of 
the second order in (27r — This property, however, is not true for spins j = 3/2 and 2. 



5.3 OfF-shell calculations of the entropy on black-hole back- 
grounds 

We now briefly discuss our results in connection with off-shell calculations of the entropy 
on black hole instantons with conical singularities. The off-shell methods are required for 
the statistical-mechanical computations in quantum theory on black-hole backgrounds (a 
review of off-shell approaches can be found in [3^). In the Euclidean formulation of the 
gravitational thermodynamics IJI^jIIMI fields are taken on the Euclidean section of 
the corresponding Lorentzian manifold. The imaginary time period (3 is associated with 
the inverse temperature. In the case of black holes the Euclidean instanton A4 p has the 
conical singularities if /? 7^ 27r. The regularity condition /3 = 27r at the Euclidean horizon 
is, at the same time, the condition of the thermal equilibrium of the black hole and its 
radiation. 

The free-energy for a spin j is proportional to the one-loop effective action W^^\ 
Eq. (|5.7|) , and the contribution S^^'^ of the given field into the entropy is 



(5,10) 



I3=2tt 



where the derivative is taken over the period of the singular instanton M.p. The divergent 
part of the action ly^-') on A^^ results in the divergent correction "S* _^ to S''^^ 

proportional to the horizon area J^^: 



^div, = (-l)V/. ' ^°^^' = °' ^/^'^'^/^ 



(5.11) 



^(2) 

div.i 



(5.12) 



has the 



where c^-'^ are defined in ( |5.3|) . Formally this effect occurs because of the conical singular- 
ities, and it drawn a considerable interest in the literature because S^P 
same form as the mysterious Bekenstein-Hawking entropy Sbh 
the important consequence. As follows from '''^ ^^'^ c,,v.fo^^ A-,-,r^^r,^^r.^c u/O) 



div,i 

ib/sii'H- This has 
the surface divergences M/^^!^ ^ removed 
under standard renormahzation of the gravitational constant up to terms O ((27r — fiY) 
which do not contribute to the entropy (|5.1(]| ). Thus, for spins j = 0, 1/2, 1 the correction 

see 



"^div 1 ^^'^o^^^lizes the Bekenstein-Hawking entropy Sbh 



4G 
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For spin 3/2 the entropy divergences can be also renormahzed because the part of 



Aj^^[ ' , which does not vanish at /3 = 2n, is proportional to j3 (see Eq. ( p.l2|) ), and so it 
does not contribute to the entropy calculated by formula ( |5.10|) . However for this spin the 
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non-renormalizable correction appear in the energy = ^W^^\ Finally, our analysis 
shows that the renormalization of the off-shell one-loop corrections to the entropy does 
not work for tensor fields. The origin of this result is in the specific properties of the 
Lichnerowicz operator. 

The complete investigation of the renormalization problem for the graviton and grav- 
itino must also take into account the ghosts, whose wave operators are similar to the 
vector A*^^) and spinor A*^^/^^ Laplacians. Note, however, that in the conical singularity 
method the study of the quantum corrections to the black hole entropy from the gravitons 
may be non-trivial problem. In this case one must first formulate the quantum theory for 
the metric perturbations on singular backgrounds. We will return to this question in the 
next section. 



In the end a small comment about entropy of the Maxwell field on two-dimensional 
Rindler-hke spaces is in order. This question was discussed in . As it was pointed out in 
this paper, there are no dynamical degrees of freedom in two dimensional Maxwell theory 
because of two gauge constraints. For this reason any kind of entropy for the Maxwell 
field must vanish. 

The results of Section 3.1 can be used to show that the off-shell calculation of the 
entropy on two-dimensional manifolds with conical singularities is in agreement with that 
general observation. Indeed, in the Feynmann gauge V^V^ = the one-loop effective 
action Wgauge of the abelian gauge field is determined as 



det^(AW) 
(det'(AW))' 



exp(-iygauge) = ^ ^ . ... 1/2 • (5-13) 



Eq. (|5.13|) can be obtained from the corresponding functional integral which includes 
the Faddeev-Popov ghosts. For the considered gauge the wave operator for the ghosts is 
the scalar Laplacian A*^°^ The determinants in (|5.13|) with the prime appear from the 



Gauss integrals over the vector and ghost fields and do not include the zero modes modes. 



Consequently, the Schwinger-DeWitt representation ( |5.7|) for IVgauge reads 

1 ds r 



Wo 



gauge = -- / - hrK^'\s) - n, ~ 2(TrirW(s) - ^o) , (5.14) 
z J 5 s 

where hq and rii is the number of vector and scalar zero modes. In two dimensions, 
however, the traces of the spin 1 and spin Laplacians are related by Eq.( p.4| ) and the 
effective action for the gauge field vanish: PVgauge = 0. This result does not depend on the 
background metric and also holds on manifolds with conical singularities. Therefore, the 
off-shell entropy obtained from PVgauge with the help of ( |5.1CI| ) is zero for two-dimensional 
abelian gauge field. This result agrees with the general requirement. In our mind, the 
different conclusion that has been made in does not take properly into account the 
zero modes. 
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6 Conclusions 



In this paper we study the heat kernels of the Laplace operators which appear under 
quantization of non-zero spin fields on manifolds with conical singularities. The two- 
dimensional domains are the simplest arena where one can obtain the heat kernels ex- 
plicitly and understand some of their general features. Our main conclusion is that the 
properties of the operators for spins 1/2 and 1 are very similar to the properties of the 
scalar Laplacian considered in the literature earlier. However, studying the spins 3/2 and 
2 brings something new. The eigen-functions of the wave operators for these spins are 
sensitive to the isometries of the background space. This can be very well illustrated 
by examining these operators on the simplest spherical domains S'p. There the spin 2 
eigen-modes constructed with the help of the Killing vectors or spin 3/2 modes obtained 
from the Killing spinors are identically zero on S'^ and the corresponding eigen-values do 
not appear in the spectrum. Conical singularities break the isometries of S"^ and intro- 
duce new modes. Interestingly, the contribution of these modes into the trace of the heat 
kernel operator doesn't vanish even in the limit when the conical deficit tends to zero. 
This happens, however, only on the singular points, but outside them, no matter how 
close, the discrepancy with the heat kernels on the smooth spaces is absent. This picture 
is also true for arbitrary singular spaces with the structure C/3 x S near the hypersurface 
S where the conical singularities break the local translational isometries. 

The way in which the conical singularities change the form of the first Schwinger- 
DeWitt coefficient in the asymptotic expansion of the heat kernel operator has been 
determined. We carried out the analysis on S"! and then generalized it to higher dimen- 
sions. As a check of these results, it would be useful to investigate explicitly the heat 
kernel expansion for spin 3/2 and 2 operators on singular spaces with dimension higher 
than 2 and confirm our results. This is a subject for further analysis. 

One of the applications of our results is the quantization of gravity (and supergravity) 
in the presence of conical singularities. This problem is beyond the scope of the present 
paper, but some remarks are in order. Taking into account the properties of the heat 
kernels K'^'^^ and i^^^/^) one can expect that the effective action of the graviton and 
gravitino on spaces with conical singularities will not be reduced to the action on the 
regular manifolds. The ghosts which appear under the quantization are described by 
the vector and spinor fields and do not seem to change this conclusion. Therefore, one 
can speculate that quantization of the metric perturbations on singular and smooths 
backgrounds may be quite different and may not coincide to each other even in the limit 
/? ^ 27r. 

In connection with this problem it is worth pointing out the canonical formulation 
of gravity in the presence of conical defects which was suggested recently by Carlip and 
Teitelboim [12|,|l3 and used for the explanation of the Bekenstein-Hawking entropy. By 
analyzing the action principle, the authors showed that the deficit angle and the area of S 
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are canonical conjugates. If these variables are quantized, then the naive limit /3 — 27r in 
such quantum theory seems to be inconsistent. From this point of view the disagreement 
between the determinants for spin 2 field on singular and smooth backgrounds would not 
lead to a contradiction. This problem is an interesting subject for further research. 
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A Dirac field on S 



In this Appendix, in order to check the vahdity of Eq. ( p. 101 ) obtained in Sec. 4.1 , we 
study the Dirac operator 'j'^V^ on S"^. On this space has the following eigen-values 



, , . / 27r TT 1 

± iXn,m = ±t\n + —m + ^ + 2 



(A.i; 



where n,m = 0, 1, .. and each eigen- value has double degeneracy. This spectrum can be 
used to study the ^-function for theoperator A*^^/^^ = — (7''V^)^ 



c 



(1/2)/ 



4 E K: 

n,m=0 



2z 



(A.2) 



In particular, this enables one to find Ai-coefficient, using the formula 

41/2)= 4^^(1/2) (0) , 



(A.3) 



and check that Eq. ( [A.3| ) agrees with Eq.( f4.16| ) obtained by using the heat kernel on Cp. 
To this aim we will follow approach of and study first the Killing spinors which are 
the solutions of Eq. 



(A.4) 



where V = d^ip + ^azoj^/ip and u = — sin 6* dr. It is easy to see that in general Eq. 
( |A.4D admits two independent solutions 



ei(r,0) 



J.t/2 



sin(^/2 + 7r/4) 

- cos(^/2 + 7r/4) 
These spinors obey the following conditions 



-jr/2 



cos(^/2 + 7r/4) 
sin(0/2 + 7r/4) 



. (A.5) 



e2(r + /5,^) = e-*'^/2^2(r,i 



(A.6) 



and are normahzed as ejej = 6ij with i,j = 1, 2. Thus the antiperiodic solutions of (|A.4| ) 
exist only on 5"^ (and, more generally, at (3 = 2TTk). According to the method described 
in E2[, the eigen-functions ^px of the Dirac operator 



(A.7) 

(A.8) 
(A.9) 



can be represented as the linear combinations 
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constructed in terms of the spinors and the eigen-functions 0a of the scalar operator 

A(o)0A = A(A + . (A.IO) 

The periodicity conditions for scalar functions 0a must be chosen in such a way to get 
antiperiodic eigen- vectors for the Dirac operator '0a(t + P) = — ^a(t)- Let us denote by 
0A and 0A the scalar modes corresponding to ei and 62 spinors, respectively. Then they 
satisfy the following conditions 

Ur + P,0) = -e-'''^^Ur,0) , Mr + P,0) = -e"'/'Mr,0) ■ (A.ll) 

The both modes 4>x{t, 6) and 0a (t, 6) admit the same eigen- values. In particular, one gets 
the eigen- values Xn,m{,^n,m + 1) with the double degeneracy, where 

(2m + l)7r 1 X 
Km = n + - ^-^+2 ' '^."^ = 0,1,2,... (A.12) 



whose two corresponding eigen-functions are 



^n,m 0n+l,m , 0i,m 0n,-m— 1 , 



(A.13) 



for 0A(r, 6*) modes and 

0n,L = 0n,m , 0£L = 0n+l -m-1 , (A- 14) 

for 0A(r, 6*) modes. The functions (t)n,m, and 0„^m are defined as 

0„,^(r,^) = exp(zgr) (cos^^)'''' Pl^'^\^\'^\\sm 9) , (A.15) 
Mm{r,e) = exp(zgr) (cos^)'^'' i'(l«'l'l^'l)(sin ^) , (A.16) 

where P^'''''''^'''(a;) stand for Jacobi polynomials, n, \m\ = 0, 1, and 

(2m + l)7r 1 (2m + l)7r 1 , 

The operator A^") also has non-degenerate eigen- values Am(Am + 1), where 

(2m+l)iT 1 X 
A™ = ^ ^"^~2 ' ^ = 0'1'2-- ' (A-18) 



whose corresponding eigen-vectors are 



^0,m , rm — rO,-m-l 



(A.19) 



For the Dirac operator on S'| the eigen-values ±iXn,m can have double degeneracy, because 
the corresponding eigen-value problem consists of two first order differential equations. 
The eigen-vectors constructed by means of spinors ei and €2 have the same eigen-values. 
Therefore for double degenerate modes corresponding to eigen-values ±iXn,m, Eq- ( |A.12|) , 
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one can only use one of these spinors, for instance ei. In this case we can use the property 
An,m + 1 = ^n+i,m, and represent the corresponding modes in the form 



m 



(0 



ei , n, m = 0, 1, 2, .., 



(~,0 



n—l,m) 



(0 



ei 



n = 1,2, 



m = 0,l,2,.., 



(A.20) 
(A.21) 



where (p^l^ with / = 1,2 denote the scalar solutions ( |A.l^ ). Functions ( [A.2(JD , ( |A.21| ) 
obey the equations 

t'^V^^S^ = ±^A„,^^i±^) . (A.22) 

Other eigen-functions can be obtained by making use of non-degenerate scalar modes (pm 
and (hrr, for which we have the identities: 



[i\m(pm + I'^id^Cpm)] £1 = , i\m<Pm + 7^(^A.0m) £2 = 



(A.23) 



following from ( |A.15| ) and ( [A.16| ). They show that spinors (pm^i and 7^(i9^0m)£i ( 4'm^2 
and 7'^(9^0m)e2) are not independent, and so the only combinations one can construct 
from them are 

-^i'm^ = 0mei , = <Pme2 ■ (A. 24) 

As the consequence of (|A.23|) , V'o,m^^ and ipo^^'^ have the coinciding eigen- values —i{Xm + 
1) = — zAo,m- Finally one can check the orthogonality of the modes ( |A.20D , ( [A. 211 ) and 
( |A.24| ). By gathering all the eigen- values one gets the spectrum of the Dirac operator on 
in the form (|A.1|) . At /? = 27r it reproduces the spectrum of this operator on 5*^ . 



To calculate the zeta-function ([A .21) it is suitable to write C^^'^^'' the different form 



(cf 



c 



-7S/ 



-ay 



dy 



(A.25) 



where 7 = (vr//?) + (1/2), a = 2tx/ (3 and Cr{z) is the Riemann zeta-function. Then one 
can decompose the quantity (1 — e~"^)~^ in the series in powers of ay. After that the 
simple calculation gives 



^(1/2) (0) = _ 4SiC«(0,7) + 2aS2 = - 



a 



127r 3/3 



(A.26) 



where Bn are the Bernoulli numbers. As one can check now, Eq. ( A.26 ) gives the value of 
^i-coefficient on S'^ defined by Eq. ( |A.2| ) which exactly coincides with the results obtained 
in Sec. 4.1 by the different method using the heat kernel operator on Cp. 
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